RESIDUAL PROPERTIES OF 3-MANIFOLD GROUPS I: 
FIBERED AND HYPERBOLIC 3-MANIFOLDS 



THOMAS KOBERDA 

Abstract. Let p be a prime. In this paper, we classify the geometric 
3-manifolds whose fundamental groups are virtually residually p. Let 
M — M 3 be a virtually fibered 3-manifold. It is well-known that G = 
7ri(M) is residually solvable and even residually finite solvable. We 
prove that G is always virtually residually p. Using recent work of Wise, 
we prove that every hyperbolic 3-manifold is either closed or virtually 
fibered and hence has a virtually residually p fundamental group. We 
give some generalizations to pro-p completions of groups, mapping class 
groups, residually torsion- free nilpotent 3-manifold groups and central 
extensions of residually p groups. 
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1. Introduction and statement of results 

Let M be a compact orientable 3-manifold with toral boundary. The 
following is a recent result of Perelman on a conjecture of Thurston (cf. 

im ed, [pi, my- 

Proposition 1.1 (Geometrization theorem, cf. Thurston and Perelman). 

Every oriented irreducible closed 3-manifold with toral boundary can be cut 
along a finite collection of incompressible tori so that the resulting pieces are 
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"geometric", in the sense that they admit finite volume geometric structures 
modeled on one of the eight model geometries. 

Recall that these geometries are S 3 , S 2 xE, M 3 , nil, sol, PSL 2 (R), H 2 xl, 
and H 3 . The purpose of this paper is to develop some theory of pro-p and 
pro-nilpotent groups which will allow us to understand the group theoretic 
properties of the fundamental groups of compact manifolds modeled on these 
geometries. 

Throughout this paper, fix a prime p. Let M = M 3 be a fibered 3- 
manifold. By this we shall consistently mean that there is a fibration 

£ -> M -> S 1 , 

where £ is a topological surface. Once we are given a fibered 3-manifold, we 
will fix a fibration on it once and for all. We will assume that X is obtained 
from a closed surface of some genus g > 1 by puncturing at finitely many 
points. We will denote the monodromy of the fibration by ip. When it is 
necessary to prevent confusion, we will write for the fibered manifold 
with monodromy ip. We get a corresponding short exact sequence of groups 

1 7Ti(S) 7Tl(M) -> Z -»• 1. 

In notation which will persist throughout this paper, the copy of Z is gener- 
ated by a symbol £ which we call the stable letter. Since 7Ti(S) is residu- 
ally nilpotent, it follows that 7Ti(M) is residually finite solvable. Sometimes 
7Ti (M) might be residually nilpotent or even residually p, for instance when 
the monodromy of the fibration is the identity. More generally, if the mon- 
odromy is a finite order mapping class, ir\{M) will be virtually residually p 
One of our goals will be to understand the conditions under which m(M) 
will virtually residually p. 

We will try to understand the failure or success of 7Ti(M^) to be residually 
p from the data of the mapping class ip and how it acts on the homology of 
the fiber. We prove: 

Theorem 1.2. Let G = tti(M), where M is fibered with fiber £ and mon- 
odromy ip. If ip acts unipotently on Z/pZ), then G is residually p. In 
particular, if ip is arbitrary then G is virtually residually p. //£ is a torus, 
then G is residually p if and only ifp divides the determinant of A — I, where 
A £ SL-2^L) is the matrix which expresses the action of ip on the homology 
of the torus. 

We shall show that it is generally not necessary for ip to act unipotently 
modulo p on the homology for G to be residually p. 

We will then use recent work of Wise prove the following theorem, which 
positively answers a question due to Lubotzky: 

Theorem 1.3. Let G < PSL2(C) be a lattice. Then G is virtually residually 
p. 

In particular, the conclusion holds for the fundamental group of any finite 
volume hyperbolic 3-manifold. Whereas general theory of finitely generated 
linear groups gives us the conclusion for all but finitely many primes, it 
seems that this fact is particular to hyperbolic orbifolds. 



RESIDUAL PROPERTIES OF 3-MANIFOLD GROUPS 



3 



In (WiJ, Wilton classifies all compact 3-manifolds whose fundamental 
groups are limit groups. Any such manifold has a residually p fundamental 
group for each p. However, most of the manifolds considered in this paper 
are not on the list of residually free 3-manifolds. He also asks which com- 
pact 3-manifolds have residually torsion- free nilpotent fundamental groups, 
a question which we shall explore later in the paper. Note that any such 
group is residually p for all p. As for Wilton's question: 

Theorem 1.4. Suppose M is a fibered manifold with fiber £ and suppose 
that the monodromy of the fibration acts unipotently on the homology o/E. 
Then -K\{M) is residually torsion-free nilpotent. 

In order to gain a deeper appreciation for the residual properties of 3- 
manifold groups which center around residual nilpotence, we will develop 
some theory of residually p groups in order to understand the connection 
between residually p and residually torsion- free nilpotent groups. 

This paper stems from an attempt to understand the action of a mapping 
class on the homology of a surface, or more generally on the homology of a 
finite cover. Of particular interest was how mapping classes in the Torelli 
group /(£) act on finite covers. The hope was initially that the residual 
properties of the resulting mapping torus would give some insight, though 
it did not. We do however obtain the following: 

Theorem 1.5. Suppose = tti(M^) is residually p and let (ft be in the 
kernel of the modulo p homology representation Mod(S) — > Sp2 g {^/p'^)- 
Then G^ Q ^ is residually p. 
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3. Tools for analyzing p-groups 

We will record with proofs some tools from the theory of p-groups which 
will be at the heart of many of the arguments in this paper. The following 
is a standard fact about p-groups: 

Lemma 3.1. Let G be a group and K\,Ki two p-power index normal sub- 
groups. Then G j (K\ H K<i) is a p- group. 

Proof. Since K\ and K2 normalize each other, we can form the group H = 
K\K<i- Evidently H is normal in G and has p-power index. By the second 
isomorphism theorem for groups, we have that H/K\ = K<ij{K\ V\K%). The 
left hand side is obviously a p-group, and we also have G > K2 > {K\ C\K%}, 
whence G/[K\ D K2) is a p-group. □ 
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Without the assumption that at least K i is normal, the intersection K\ n 
K2 may fail to have p-power index as can be seen by considering A4 < 
and noting that the intersection of all conjugates of A4 is trivial. 

If G is a finitely generated group, then it has a maximal subgroup. Recall 
that the intersection of all maximal subgroups of G is called the Frattini 
subgroup of G, and is denoted ip(P). The Frattini subgroup of any group 
is obviously characteristic. 

Lemma 3.2. Let P be a p- group. Then P/ip(P) is the largest elementary 
abelian quotient of P. 

Proof. Every subgroup of index p in P is normal, so that P/cp(P) is at least 
as large as the largest elementary abelian quotient of P. Suppose M < P 
is a maximal subgroup of index p k , k > 1 . We may suppose that [P, P] is 
not contained in M, for otherwise we would have the claim. We must have 
that the image of M in P ab is everything, for otherwise M would not be 
maximal. On the other hand, in a nilpotent group every maximal subgroup 
is normal of index p for some prime (cf . |KuSt| ) . □ 

The following lemma is important for proving a partial converse to The- 
orem [T2J 

Lemma 3.3. Let P be a p-group whose abelianization is cyclic. Then P is 
cyclic. 

Proof. If P ab is cyclic then P/ip(P) = TLjpTL. Choose a generator x for 
P/(p(P). Then P is generated by x and <f(P). A standard fact about 
the Frattini subgroup is that it consists of nongenerators of P. Indeed, let 
y £ (f(P) an d let S = {x} U ^p(P). If S \ {y} does not generate P then it 
generates a proper subgroup, which is in turn contained in a maximal proper 
subgroup P' . But y E P 1 by definition. □ 

For any group G, we write 7«(G) for the i th term of the lower central 
series of G, and we write Ci(G) for the quotient r fi(G)/ji+i(G). For a prime 
p, we write Ci(G,p) for £j(G) (g>Z/pZ. 

Let a € Aut(G) of order k. We will write G a for the semidirect product 



where the stable letter t which generates TLjkTL acts by a via conjugation. 

The following result is a generalization of the fact that if a acts trivially 
on Hi(G,7j) then it acts trivially on each quotient Ci{G). 

Lemma 3.4. Let P be a p-group. Suppose that a is unipotent as a matrix 
acting on Ci(P,p) for all i. Then P a is a p-group. 

Proof. Write A for the associated matrix for the action of a on P/(p(P). 
Forming a commutator [t, v] for v € P/ip{P) is the same as applying the 
matrix A — I, which is nilpotent since A acts unipotently on P/ip(P). Sim- 
ilarly, forming the commutator [tf , v] is the same as applying A 3 — /, which 
is also nilpotent. Furthermore, the operators A 1 — L all commute with each 
other. So, any nested commutator can be written as 



1 -> G -> G a -> Z/kZ ->■ 1 




v 
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for some v € P/(f(P). By the pigeonhole principle any sufficiently long 
commutator will be trivial (since A has finite order), so that the image of 
all sufficiently long commutators is in the kernel of the map 

d(P) ^ Q(P,p). 

Notice that each £j{P) is a quotients of some free abelian group Z™, so 
we may lift the action of a (which is given by a matrix A{j)) to an integral 
matrix. We have that each sufficiently long product of the form 

is an operator which sends Z n to pi/ 1 . It follows that for any k, any suffi- 
ciently long product of the same form sends Z n to p k Z n , so that any suffi- 
ciently long commutator in t and 7^ (P) (P) is trivial. 

An easy induction shows that any sufficiently long commutator in P a 
thus lands in ji(P), showing that P a is nilpotent. By assumption, we have 
a splitting Z//cZ — > P a , and the image is not normal: in fact for each 
1 < i < k, there is a nontrivial commutator of the form [t l ,v] for some 
weP. It follows that if k is not a power of the prime p, then P a cannot be 
a product of its Sylow subgroups and hence not nilpotent. It follows that 
P a is a p- group. □ 

Lemma 3.5. Let G be a finite nilpotent group, and suppose that ip 6 Aut(G) 
acts unipotently on H\(G , Z / 'pi) . Then ip has p-power order as an automor- 
phism of G. 

Proof. We form a semidirect product G^, using t to denote the stable letter. 
Suppose that A is induced by ip and acts unipotently on Hi(G,Z/pZ). We 
let C(l,p) = H\(G,Z/pZ), and we will write C(i,p) to be 

7i_i(G)/7<(C?)®Z/pZ. 
We will consider C(i,p) ELS cl quotient of 

Hom(#i(G,Z/pZ),£(i - l,p)), 

which we write as 

H\G,Z/pZ)®C(% - l,p). 

The quotient map is given by the Lie bracket (cf. [MKSj . (MJ). Consider 
the reduction of Ci{G) = 7j_i(G)/7i(G) modulo p. Elements of Ci{G) 
are finite sums of simple tensors, which are images of simple tensors in 
H X (G, Z)cg)£j_i(G). The simple tensors which persist after reducing modulo 
p can be written so that no p-multiple of a cohomology class of G occurs 
in the tensor. It follows that the canonical map Ci{G) —> (£«(G) (mod p)) 
factors through C(i,p). 

If i/j acts unipotently on Hi(G,1i/p1i) then it also acts unipotently on the 
cohomology since the two actions are dual to each other. We have that A is 
the monodromy matrix acting on Hi(G,1i/p1i), A* its transpose, and A(i) 
the associated matrix acting on C(i,p). Clearly 1 is the unique point in the 
spectrum of both A and A*. Suppose inductively that A(i) is unipotent. 
Then the points of the spectrum of A(i + 1) are pairwise products of the 
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points of the spectrum of A(i) and A* , so that A(i + 1) acts unipotently on 
£(» + l,p). 

Filter G by its lower central series, writing C{i) for the i th quotient as 
above. Since a sufficiently large power of A(i) — I sends C(i) to pC(i), 
we have that forming the commutator [t, G] sufficiently many times will 
send G to a term arbitrarily deep in its lower central series. It follows 
that G^p is nilpotent. But then we must have that if} has p-power order 
as an automorphism of G, since otherwise the nilpotence of G would be 
contradicted. □ 

Lemma 3.6. Let P be a p-group and T < Aut(P) the group of automor- 
phisms which induce the identity on P/ip(P). Then T is a p-group. 

Proof. This is now immediate since T acts trivially and hence unipotently 
on A CP)- □ 

We finally need the following well-known result, whose proof we sketch 
for completeness. 

Lemma 3.7. Let G be a surface group. For each prime p, G is residually 
p. 

Proof. It is well-known that G is a limit group, namely that it is residually 
free. On the other hand, a free group is residually p. Suppose that we have 
a sequence of bases {Xi} for nested free groups 

F 1 > F 2 > ■ ■ ■ 

with the assumption that Xi (~l i^+i = 0. Then it can be shown (cf. |LySch| ) 
that the shortest word in F{ has length at least i with respect to X\, so 
that the filtration exhausts all of F\. Furthermore, is each F( is proper 
and characteristic in then we automatically have Xi n = 0, since 

there is an automorphism of F{ taking any element of Xi to any other. 
To construct the filtration {i^}, we successively take homology with Z/pZ 
coefficients so that Fi/Fi + \ are all p-groups. □ 

4. FlBERED MANIFOLDS AND THE PROOF OF THEOREM I1.2I 

Given the material developed in section [3j the proof of the first part of 
Theorem 1 1.2 1 is not difficult. Theorem 1 1.2 1 is already not surprising since the 
automorphism group of a (topologically) finitely generated pro-p group is 
already virtually a pro-p group (this can in fact already be deduced from 
the results in section El cf. [DDMS] L 

Proof of Theorem part 1. Let U < GL n (Z/pZ) be a unipotent sub- 
group. Then U is a p-group. Let P be a characteristic p-group quotient 
of 7Ti(£) and suppose that a £ Aut(P) acts unipotently on i2i(£,Z/pZ). 
Since U is a p-group, we have that a p-power of a acts trivially on P/(p(P). 
But this power of a has p-power order, so that the semidirect product P a is 
a p-group. If a is induced by ip, it follows that P a is a quotient of G^. □ 

From the proofs above, we see that Theorem 11.21 is a special case of the 
following more general result, whose proof is identical: 
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Theorem 4.1. Let G be a finitely generated residually p group and T a 
group of automorphisms of G which act unipotently on Hx(G, Z/pZ). Then 
Gr is residually p, where Gr is the semidirect product which fits into the 
following short exact sequence: 

l->G->-Gr->-r->l. 

We now turn to torus bundles over the circle, whereby we can give a more 
complete characterization of when the fundamental group of the bundle is 
residually p. The following proposition contains the rest of the content of 
Theorem 11.21 



X 



Proposition 4.2. Let A £ SL2 (Z) and Ma the associated torus bundle with 
fundamental group Ga- Then G a is not residually p for any p if and only 
if A is conjugate over Q to 

'2 r 

Ga is residually p if and only if p | det(j4 — I). 
Proof. Suppose A — I E GL%(Z), which is the case when 

! 

Then we can solve the equations (^4 — I)v = (1, 0) and {A — I)w = (0, 1) in 
Z 2 . If t denotes the monodromy generator, it follows that [i,Z 2 ] = Z 2 , so 
that the sequence of subgroups {ji(G)} stabilizes at i = 1 with ji(G) = 1? 
for all i > 1. It follows in this case that Ga is not even residually nilpotent. 

Now suppose that A — I is not invertible over Z and let p be a prime 
dividing the determinant of A — I. Note that over M, A — I is conjugate, up 
to a sign, to 

'n-2 T 
K n-2 y 

This is because every hyperbolic element of PSL2(M.) is determined up to 
conjugacy by its trace. So there exists a real matrix Q such that Q(A — I) = 
XQ. Finding the entries of Q is tantamount to solving a system of linear 
equations with integer entries. Since Q is only well-defined up to a scalar 
matrix, we may assume that one of the entries is equal to 1. By Cramer's 
rule the solutions are rational, so we may assume Q has rational entries. 
One verifies that 

(n-2) 2 + n-2 n - 2 N 
(n - 2) 2 n- 2 y 

In particular, each entry of X k is divisible by n — 2 whenever k > 2. Choose 
p a prime dividing n — 2 and let a be an entry of Q. Write a = a/b, where a 
and b are relatively prime integers. Some power of p divides b, and let m be 
the maximal power of p dividing the denominator of any entry of Q or Q~ l . 
Take k sufficiently large so that every entry of X k is divisible by p 2m . Then 
QX k Q~ 1 = (A — I) k and we see that every entry of {A — I) k is divisible 
by p. It follows that A — I is nilpotent modulo every power of p. It follows 
that the quotient of G given by reducing the torus homology modulo p k is 
nilpotent, so that G is residually p. 



X 2 
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Conversely, suppose that p does not divide det(A — I). It follows that 
A — I is invertible modulo p. Suppose we want Ga to inject into its pro-p 
completion, and let P be a p-group quotient. Write P' for the image of Z 2 
in P, and write t again for the image of the stable letter in P. P' is abelian 
and is invariant under the conjugation action of t. Tensoring P' with Z/pZ, 
we may assume that P' is elementary abelian. In particular, we have a map 
(Z/pZ) 2 — > P' which is either a bijection or has rank one. If it is a bijection, 
then A — I acts on P 1 as an element of GL2(Z/pZ) since A — I is invertible 
modulo p, and in particular it does not act nilpotently. It follows that then 
P could not have been nilpotent. If there is a nontrivial kernel in the map 
(Z/pZ) 2 — > P', then P is nilpotent if and only if some power of A — I has 
rank < 1 in End((Z/pZ) 2 ). This is again a contradiction since p does not 
divide det(A — I). □ 

Applying Theorem II. 2\ we obtain: 

Corollary 4.3. Let A £ 6X2 (Z) and p a prime. Then there are infinitely 
many k such that p \ det(A k — I). 

We will see in section [8] that it seems unlikely that we can obtain a com- 
plete description of mapping classes which give rise to residually p fibered 
manifolds which are not torus bundles. 

5. Higher torus bundles 

In this section we prove a simple analogue of Theorem II .21 for higher torus 
bundles. The setup is the same as before, only the monodromy matrix A 
sits in GL n (Z). We denote the torus bundle by Ma and its fundamental 
group by G A - 

From the proof of the second part of Theorem 1 1.2 1 we immediately obtain 
see that a torus bundle whose fundamental group Ga is not residually p 
must have det(yl — /) not divisible by p. 

On the other hand: 

Proposition 5.1. Ga is residually p if and only if A is unipotent modulo 
p. 

In the proof we will use the fact that p-groups are closed under taking 
products. Therefore if we enumerate any finite set A of elements in a resid- 
ually p group G, we may find a sequence of nested normal subgroups of G 
of p-power index which together witness the nontriviality of each element of 
A, 

Proof of Proposition \5.1[ The "if direction is trivial in light of the theory 
we have developed already. So, suppose that A is not unipotent modulo p, 
let P be a p-group quotient of Ga and let P' be the image of Z n in P. After 
tensoring with Z/pZ, we again assume that P' is an elementary abelian p- 
group. We have a map (Z/pZ) n — > P' which is j4-equivariant and has some 
kernel K. Since P is nilpotent, we must have that the (A — /)-action on P' 
is nilpotent. In particular, some power of A — I must send (Z/pZ) n to K. 

If v £ Z n maps nontrivially to K, then we must have a p- group quotient 
Q of Ga in which v is nontrivial. By applying a sufficiently large power 
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of A — I, we may assume that the image Q' of Z n in Q maps trivially to 
P'. Since Q is nilpotent, again we must have that the action of A — I is 
nilpotent. Since v was chosen arbitrarily, we may proceed in this fashion 
until all of K is exhausted. Precisely, this means that a sufficiently large 
power of A — I will have to send Z n to pL n . It follows that A acts unipotently 
on (Z/pZ) n . □ 

6. Generalizations to Baumslag-Solitar groups 

Recall that the (p, g)-Baumslag-Solitar group r Pj(? is defined be the pre- 
sentation 

r m = ( s ,t | stPs- 1 = t«). 

For more details, see [dlH] and the references therein. It is well-known that 
if either p = 1, q = 1, or p = q then T p ^ q is residually finite and therefore 
Hopfian. In general, T p ^ q is not even Hopfian. It was in fact Baumslag who 
observed that the group 

r 2 , 3 = (s,t\ (t 2 ) s r 3 ) 

was non-Hopfian (since <p : t i-> t 2 , 4> : s t- > s is obviously a surjection, 
but 4>([t, t s ]) = [t 2 ,t 3 ] = 1 and [t,t s ] is nontrivial in 1^,3). It is Hopfian if 
and only if p and q share precisely the same set of prime divisors or if one 
divides the other. To avoid trivialities we will assume (p, q) 7^ (1,1) and 
that p, q > 1. 

When A € Aut(Z n ), we defined the semidirect product of Z n and Z 
using A and studied it as the fundamental group of a torus bundle over the 
circle. We can easily replace Aut(Z n ) with End(Z n ) and construct similar 
semidirect products. When n = 1, we get the class of (1, g)-Baumslag-Solitar 
groups. These groups can be viewed as the fundamental groups of mapping 
tori of endomorphisms of the circle, namely the endomorphisms given by 
z 1 — y . We obtain the following proposition, whose proof is immediate in 
view of all the work we have done: 

Proposition 6.1. Let A € End(Z n ) and let Ga denote the corresponding 
semidirect product. Then Ga is oo-nilpotent if and only if 

f)(A-iy(z n ) = {o}- 

i 

Corollary 6.2. The Baumslag-Solitar group T\^ q is u-nilpotent if and only if 
q ^ 2. In particular, Tig is residually finite solvable for all q and residually 
nilpotent if q 7^ 2. It is residually p at exactly the primes dividing q — 1. 

We will see later that no Baumslag-Solitar group is torsion-free nilpotent 
as a corollary to Proposition 110.51 

7. Finite- volume hyperbolic orbifolds 

The main external tool for proving Theorem 11.31 is the following theorem 
due to Wise in [WQ (cf. [W2] , [Wk]): 

Theorem 7.1. Let G be a word-hyperbolic group with a quasiconvex hierar- 
chy. Then G has a finite index subgroup G' which embeds in a graph group 
R. 
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The precise meanings of all the terms in Theorem 17.11 are not important 
for our purposes. However, two important corollaries of this theorem are 
the following: 

Corollary 7.2. Let M be a finite volume cusped hyperbolic manifold, and 
assume M contains a geometrically finite incompressible surface S. Then 
G = tv\(M) has a finite index subgroup G' which embeds in a right-angled 
Artin group. 

A Haken hierarchy for M implies the existence of a hierarchy for tti(M). 
By the work of Thurston, this is a quasiconvex hierarchy if and only if S is 
geometrically finite (see [Tj, cf. [S]). 

Corollary 7.3. Every Haken hyperbolic 3-manifold is virtually fibered. 

Proof. By the work of Bonahon in [B] , an incompressible surface S is either a 
virtual fiber, or S is geometrically finite. In the first case, M virtually fibers. 
In the second case, there is a finite cover M of M such that tt\{M) < R 
for a graph group R. Each graph group is residually torsion-free nilpotent, 
hence residually finite rationally solvable. By |A2j . M virtually fibers. □ 

Let r be as in the statement of Theorem 1 1.31 Any such Y is the fundamen- 
tal group of a hyperbolic orbifold. After passing to a finite cover, we may as- 
sume that r is the fundamental group of a hyperbolic 3-manifold M of finite 
volume. By a result due to Thurston, the representation iri(M) —¥ PSL 2 (C) 
lifts to SL 2 (C) (cf. |£E|). 

Let 7Z = 7Z(Y) denote the SL 2 (C) representation variety of Y. By general 
theory (see [R] for instance, though this theory goes back to the work of 
Mal'cev), 1Z contains a point over Q and in fact a faithful representation Y — > 
Shi (Q). Since Y is finitely generated, there is a finite extension K/<Q such 
that the image of Y lands in SL2 (K) . We let O denote the ring of integers 
in K. In any matrix in the image, there are at most four denominators, 
and so any finite generating set for Y has only finitely many denominators 
occurring among nonzero entries in its image. Fix a finite generating set for 
r and consider the denominators which occur. These will be contained in 
finitely many prime ideals in O. Each prime ideal of O lies over a unique 
prime ideal pTL. For the set of denominators which occur in the image a 
generating set for r, let B C Z be the finite set of primes over which the 
associated prime ideals in O lie. We call B the set of bad primes. 

Lemma 7.4. Let p be any prime. When B is empty, Y is virtually residually 
V- 

Proof. This is entirely analogous to the fact that SX2(Z) is virtually resid- 
ually p and is done using the first congruence subgroup. Let P lie over pTL. 
Let Y\ denote the kernel of the natural map 

SL 2 (0) -> SL 2 (0/P). 

We have a natural action of Y± on O 2 , and we can construct the semidirect 
product 

1 -> O 2 -> G -»• Ti -> 1. 
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We can also construct truncated semidirect products of the form 

1 -> {0/P n f -»• G n -»• r x -> 1. 

By considering the successive quotients (P 4 /P 4+1 ) 2 , we see that the conju- 
gation action of Ti on (0/P n ) 2 is unipotent. Let i^ ra < Ti denote the kernel 
of this action. We have that 0/P n is always a p-group. It follows that the 
semidirect product 

1 -> (0/P n ) 2 -> G n -> ri/K„ -> 1 

is a p-group, so that 

n 

and T\/K n is a p-group for all n (a similar argument is fleshed out in section 
E cf. HQ). □ 

Alternatively, the argument could have proceeded as follows: (0/P n ) 2 is 
a p-group, and (P/P n ) 2 is its Frattini subgroup. On the other hand, we 
have seen that if Q is a p-group and <f>{Q) is its Frattini subgroup, then the 
group of automorphisms of Q which induce the identity on Q/(ft(Q) form a 
p-group, whence the conclusion. 

We now consider the case where B ^ 0. Fix P € B, and let O = Op be 
the completion of O at P, namely 

= \\mO/P n . 

We let K be the fraction field of O. We have a canonical map O — > O which 
is injective since O is a Dedekind domain, and thus we have an injective map 
K — > K, and a faithful representation T — > SL2(K) induced by the inclusion 
SL2(K) — > SL2(K). By construction, the field K comes equipped with a 
discrete valuation v. Explicitly, it takes an equivalence class of fractions 
7 = a/ (3, determines an i and j such that a G Pj \ P* +1 and /? € P- 7 \ P J+1 
and sets ^(7) = i — j. By abuse of notation, we write P as the maximal 
ideal generated by the image of P in O. The valuation v thus defined is a 
discrete valuation, so that O is a DVR. 

Let V be a two-dimensional vector space over K. Recall that at O-lattice 
in V is a rank 2 O-module which spans V as a X-vector space. Let L be 
a ©-lattice and L' a sublattice. Then L/L' is isomorphic to d/P a © 0/P b 
for some choice of nonnegative integers a and B. There is a natural action 
of K on the set of O-lattices in V . Note that if L and L' are arbitrary 
lattices, we can replace L' by an equivalent lattice kL' such that kV C L by 
choosing an appropriate k £ K. We declare the .fT-orbits to be equivalence 
classes. There is a natural graph whose vertices are equivalence classes of 
lattices, and whose edges span pairs of equivalence classes for which there 
exist representatives satisfying L/L' = O/P. It is shown in [Sej that this 
graph is a tree, called the lattice tree of O. 

We have that SL2 (K) acts on this tree in the obvious way. The stabilizers 
of vertices are precisely the GL2(-ftT)-conjugates of SL,2(0) in SLzfa). The 
following lemma follows easily from this discussion. 
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Lemma 7.5. If V is as above, then either T is virtually residually p or T 
acts on the lattice tree of O without a global fixed point. 

General Bass-Serre theory (cf. [Se]) therefore implies that when V acts 
nontrivially on the lattice tree, then T splits as a nontrivial amalgamated 
product. Furthermore, the amalgamating group can, up to conjugacy be 
taken to be the image of T in SL2(0). Since T is the fundamental group of 
a hyperbolic manifold, the amalgamating group is nontrivial. Indeed, H 3 /r 
is irreducible and hence T cannot split as a nontrivial free product. 

The final ingredient we need is the following, which is due to Epstein, 
Stallings and Waldhausen, and a proof can be found in |CS| . 

Lemma 7.6. Let M be a compact, orientable 3-manifold. For any nontriv- 
ial splitting of ir\{M) there exists a nonempty system S of incompressible 
non- peripheral surfaces such that the image of the inclusion on fundamen- 
tal groups is contained in an edge group. Furthermore, the image of the 
fundamental groups of the components of M \ S are contained in a vertex 
group. 

This lemma applies to our situation, since by [Alj and |CG] . H 3 /r is 
homeomorphic to the interior of a compact 3-manifold. From here, Theorem 
11.31 is obvious: 



Proof of Theorem \l.tfi If T cannot be coaxed into admitting a faithful repre- 
sentation into SL2(0), we have that 23^0. For each p £ B, choose P C O 
lying over p. We constructed a faithful representation of T into SL^K) 
whose image does not lie in SL2{Op). But then we obtain a nontrivial 
splitting of r, and conclude that H 3 /T is Haken. By a corollary to Theorem 
17.11 it follows that EI 3 /r virtually fibers. We have already shown that any 
3-manifold which virtually fibers over the circle has a virtually residually p 
fundamental group. □ 

We briefly remark that whereas general theory says that a finitely gen- 
erated subgroup of a linear group over a characteristic zero field is always 
residually p for all but finitely many primes, it may not be residually p for 
all primes. An example, furnished in [Wj . is the metabelian group generated 
by 

A=(l ?U (X 



v I J ' \1 1 / 

contains a subgroup isomorphic to the dyadic rationals and hence cannot be 
residually p at 2. 

8. Applications to the mapping class group and the proof of 



Theorem 11.51 

The original motivation for the work in this paper was to study homo- 
logical representation theory of the mapping class group, as initiated in [K] . 
In that paper, the author constructs an infinite dimensional representation 
H(Ti) of the marked mapping class group Mod (£), which is constructed by 
identifying Mod 1 (S) with a subgroup of Aut(7Ti(S)), taking any family of 
characteristic covers of the surface S, and letting the mapping classes act 
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on the homology of these covers. The content of [Kj is that if homology is 
taken with Q coefficients and the family of covers exhausts 7Ti(E), then the 
representation is faithful and detects the Nielsen-Thurston classification of 
each mapping class. 

The representation H(T,) is rather difficult to understand, and the hope 
was that the fundamental group of M^u would lead to some insight into the 
action of ip on H(T,). One reason for this belief is Theorem 11.51 which says 
that if G^p is residually p and <p is in the Torelli group, then G^ o is also 
residually p. In other words, whether or not is residually p depends only 
on the image of ip in the symplectic representation p : Mod(S) — > Sp2 g (%)- 
One would expect that if a good criterion for G^ to be residually p could be 
devlopped and could be read off from p(tp), one might be able to restrict the 
possible actions of ip on H(Y<). We will now provide a proof of Theorem [T3] 
and then give some examples which illustrate that a good criterion might 
not exist. 

Proof of Theorem \1.5l This is a manifestation of the fact that for any p- 
group P, the group of automorphisms which act trivially on P/(p(P) is a 
p-group. For every p-group quotient P of G^, we shall produce a strictly 
larger p- group quotient Q of G^ ^, in the sense that the kernel of the map 
7Ti(E) — > P contains the kernel of the map vri(S) — > Q. 

Let P be a finite p-group quotient of G^ and let P 1 be the image of vri(S) 
in P. Then P' /ip{P') is a quotient of Z/pZ). We have that ip acts 

on iii(£,Z/pZ), and the action of ip o <fi on .£/i(£, Z/pZ) coincides with the 
action of ip. Since the stable letter of P has p-power order, a p-power of ip 
acts trivially on P' /tp(P'). 

Let K be the kernel of the quotient map vri(S) — > P'. Clearly K may not 
be stabilized by ip o 0, but K has only finitely many conjugates under tpocp. 
Their intersection K' is an intersection of normal p-power index subgroups 
of vti(S), and hence Q' = n\{Y>)/K' is a p-group. On the other hand, K' 
is contained in a ip- and (^-invariant subgroup of 7Ti(S), namely the kernel 
of the map vri(S) — > P' /ip(P'). Consider Q' /ip(Q'), which is a quotient of 
Hi(T,,Z/pZ) as well. We claim that Q'/^p(Q') is canonically isomorphic to 
P'/(p(P'). This is obvious since <j> acts trivially on i2i(£,Z/pZ), so that 
ip o (p acts trivially on the kernel of the map i?i(S,Z/pZ) — > P' /(p(P'). 

It follows that ap-power of ipo(j) acts trivially on Q'/ip(Q'). Let Q be the 
semidirect product constructed from the action of ip o (p on Q' . It follows 
that G^o</> is residually p since the kernel of the map 7ri(£) — > P contains 
the kernel of the map vri(S) — > Q. □ 

Note that if (p is as in the hypotheses of the theorem, it is immediate that 
Gip is residually p if and only if G^^ is residually p. 

Next we analyze an example to show that we cannot expect a good con- 
verse to Theorem 11.21 when S is not a torus. Recall that the braid group on 
n-strands B n is identified with the mapping class group Mod(So, n) 9), the 
compactly supported mapping class group of the n-times punctured open 
disk with compactly supported isotopies. The pure braid group P n is the 
kernel of the homology representation B n — > S n . 
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By Theorem 1 1.2 1 if f3 € P n then Gp is residually p for all primes. Consider 
the standard braids <7i,<72 £ -^3- Let /3 = cicr^ 1 . Then /3 is Thurston's 
example of the simplest pseudo-Anosov braid. The thrice-punctured disk 
admits a double cover £ which is a four-times punctured torus, and such 
that f3 acts on the homology by a block matrix which consists of a 

2 1 
1 1 

block and a permutation matrix block. 

We see that /3 3 is a pure braid, so that the fundamental group of its 
suspension Gp3 is residually p for all primes. Being residually p is inherited 
by subgroups, so suspending /3 3 and its action on E gives us a subgroup 
G' < Gp3 which is residually p for all primes. An easy computation shows 
that 

'2 l\ 3 A3 



A 

1 I J ~ \ 8 5/ 

The only prime which divides det(^4 — /) is 2, so A has a chance of being 
unipotent only modulo 2 (it is, as predicted by the proof of the second part 
of Theorem 1 1 . 2[) . Just from looking at the action of /3 3 on the homology of 
£, it is not at all obvious why G' should be residually p. 

This same example also shows that if G^ is residually p for all primes 
then it is not necessarily true that ip acts unipotently on i?i(E,Z). This 
can also be seen in [K] where the author shows that a pseudo-Anosov pure 
braid may act with positive entropy on the homology of a finite cyclic cover 
of the disk which is equally branched over all the punctures. 

Seeing as there is no good converse to Theorem 11.21 and in light of the 
example above, we are led to the question of whether there exist fibered 
hyperbolic manifolds whose fundamental groups are not already residually 
p for all primes. Stefan Friedl informs the author that there are examples of 
fibered knot complements whose fundamental groups are not even residually 
nilpotent, and that the methods used to probe this property can be traced 
back to [S]. Here we will produce some explicit examples. 

Proposition 8.1. Let M = Mw, be a fibered manifold whose fundamental 
group is not residually nilpotent, and suppose M is not a torus bundle. Then 
the fiber cannot be a punctured torus. 

Proof. It is well-known that the mapping class group of the once punctured 
torus is -B3, the braid group on three strands (cf. |BiHr). The point is 
that each element of B% has prime order under the homology representation 
B3 —> S3. If if) £ B3 is arbitrary, we let p be its order in S3. Since tt\{Mm) 
is residually p, we obtain a p-order extension of a residually p group, which 
is obviously residually p. □ 

Above we produced a fibered 3-manifold with fundamental group G' , and 
noted that G' injects into all of its pro-p completions. The fact that G' has 
this property even though it does not obviously have to have this property 
is at least partially a reflection of the fact that the action of /3 3 on the 
homology of the multiply punctured torus is highly reducible. In order to 
produce suspensions of mapping classes whose fundamental groups are not 
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residually p for all p, the suspended mapping class should be minimal in its 
commensurability class. Namely, the mapping class should not be a proper 
power and should not commute with any finite group of homeomorphisms 
of the fiber. 

Proposition 8.2. The suspension of the braid ft is residually p at 3 and at 
no other prime. 

Proof. It is easy to see that ft acts as an order 3 permutation on the ho- 
mology of the fiber £, and that rationally the homology of the fiber splits 
into a 1-dimensional and a 2-dimensional irreducible representation. The 2- 
dimensional irreducible representation of ft may decompose further modulo 
a prime, but the further irreducible representations cannot be trivial and 
hence must be equipped with a faithful /3-action. Suppose that Gp injects 
into its pro-p completion, so that we have an injective map c p : Gp — > Gp tP . 
Consider the restriction of c p to 7Ti(S). Clearly there is a p-group quotient P 
of Gp such that the image Q of 7Ti(S) is nonabelian since c p is injective. We 
have that Q ab is a quotient of -£fi(£,Z p ) and is also a /3-module. Tensoring 
with Z/pZ, we see that Q ab cannot be cyclic, since a p-group with cyclic 
abelianization is cyclic. It follows that Q ab is a subgroup of a quotient of P, 
equipped with an order 3 automorphism given by ft. It follows P cannot be 
a p-group unless p = 3. □ 

By considering other transitive braids on disks with more punctures, we 
can obtain groups which inject into exactly one pro-p completion for primes 
other than 3. 

Proposition 8.3. Let a be the homeomorphism of the once-punctured torus 
given by lifting ft to a double cover of the thrice punctured disk and filling 
in all but one puncture. Let G a be the fundamental group of the suspension 
of a. Then G a is not residually nilpotent. 

Proof. The proof is almost identical to the previous proposition. The action 
of a on the homology of the once punctured torus is by the matrix 

2 1 
1 1 

There is a finite nilpotent quotient N of G a such that the image K of 
7Ti(S) is nonabelian. Since a finite nilpotent group is a direct product of 
its Sylow p-subgroups, K admits a quotient which is a nonabelian p-group 
P, and further a homomorphism to a noncyclic elementary abelian p-group 
(Z/pZ) 2 . We have observed that a does not act on (Z/pZ) 2 unipotently, so 
that N cannot be nilpotent. □ 

9. Central extensions of residually p groups 

The one geometry we have not considered to this point is PSL2(M.) ge- 
ometry. If r is a finitely generated discrete subgroup of isometries of this 
geometry then T fits into a short exact sequence of groups as follows (cf. 

my- 

i -> z ->> r h ->■ l. 
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Furthermore, the copy of Z in the sequence is central. The group H is a 
discrete subgroup of isometries of H 2 , so that virtually T is a Z-central exten- 
sion of the fundamental group of a hyperbolic surface and hence (virtually) 
the fundamental group of an orientable circle bundle over a surface. Recall 
that central extensions of a group G by a group A have exactly one obstruc- 
tion to triviality, namely the Euler class, which is an element of H 2 (G,A) 
(see [Br]). It follows immediately that: 

Proposition 9.1. Let H be as above, and suppose that H is virtually 7Tl(£). 
// X is not closed then T virtually splits as a product of 7L and a free group. 
In particular, T is the fundamental group of a virtually fibered 3-manifold 
and is hence virtually residually p. 

If £ is closed, it is not immediate that T is residually p. In fact, we have 
a more general question: 

Question 9.2. Let P be a finite p-group which fits into a short exact se- 
quence 

1->P->G->Q->1, 
where Q is residually p. Suppose that the conjugation action ofG on P/ip(P) 
is unipotent. Under what conditions is G residually p? 

Since G acts unipotently on P/ip(P) and since P is finite, we obtain a 
p-power index normal subgroup G' of G such that 

l->PnG'->G'->Q'->l 

is a central extension. In particular P n G' is abelian. We can also con- 
sider the case where P is replaced by a torsion-free abelian group and the 
extension is central. 

Notationally, we replace G' by G. Suppose that 7 G P and we want a 
finite p-group quotient P' of G such that 7 survives in the quotient. If P is 
finite, we may assume that the central extension 

l^P^G^Q^l 

descends to another central extension 

1 -> P P' -> Q' -> 1. 

Here, Q' is a p-group quotient of Q. We have that the extension P' is 
classified by an element of H 2 (P' , P). 

We have a natural pullback map H 2 (P',P) — > H 2 (Q,P), and we can 
hope for G to be residually p only if the classifying cocycle for 

1->P^G->Q^1 

is contained in the image of H 2 (P\P). Let us be a bit more explicit about 
this fact. The standard discussion we follow here can be found in |Brj . 
Let G be an arbitrary group and let A be an abelian group equipped with 
the structure of a trivial G-module. It is classical that there is a bijection 
between the sets E(G, A) of central extensions of G by A and H 2 (G,A). 
This bijection associates to each cohomology class c G H 2 (G,A) a function 
/ = f c : G x G — >■ A satisfying the cocycle condition, called the factor 
function. If we are given an extension 

l^A^E^G^l, 
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we choose a set-theoretic section s : G — > F. We normalize s so that 
s(l) = 1. If i : A — > F is the inclusion map, we define / by i(f(g,h)) = 
s(g)s(h)s(gh)~ 1 . The group law on Ax G can be recovered by (a,g)(b, h) = 
(a + b+ f(g,h),gh). 

Let F be a quotient of E with quotient map and suppose that the 
induced map A — > F is injective. Since ^4 is central, (ft descends to a quotient 
map G — > F I A which we also call <j). The question in which we are really 
interested here is when a given quotient map <j> : G — > F/A extends to a 
quotient map <p : E — > F. Then, we may write 

1 -> A -> F -> F/A -> 1, 

and F/^4 is a quotient of G. A group law on A x F/A must be given by 
(a, (j>(g))(b, 4>{h)) = (a + 6 + k(<p(g), 4>(h)),4>(gh)) for some factor function fc. 
If F is to be a quotient of F, we must have (a + 6 + k(<p(g), 4>(h)),4>(gh)) = 
(a + b + f(g,h), 4>{gh)). We have that / determines an element of H 2 (G, A) 
and k a <p determines another element of H 2 (G, A) which is a pullback of an 
element of H 2 (F/A,A). All the equation (a + b + k(cf)(g) , 4>{h)) , <p(gh)) = 
(a + b + /(<?, /i), 4>{gh)) says is that / = (/>*&;. 
The main result of all this discussion is: 

Proposition 9.3. Let S 1 — >■ M — > S 6e a nontrivial orientable circle bundle 
with trivial monodromy over S and Zei p be a prime. Then T = tt\ (M) is 
virtually residually p. 

In Section [TU] we shall develop technically simpler characteristic zero ma- 
chinery to prove this proposition as a corollary to Theorem 110.61 which will 
show that r is residually torsion-free nilpotent. 

10. Residually torsion-free nilpotent 3-manifold groups 

In |Wij . Wilton classifies the fundamental groups of 3-manifolds which 
are residually free, in other words which 3-manifold groups are limit groups. 
He shows that limit groups among 3-manifold groups are rare: 

Proposition 10.1 (|Wi|). If M is a prime, compact 3-manifold with in- 
compressible toral boundary, then 7Ti(M) is free and nontrivial if and only 
if M is one of the following: 

(1) A trivial circle bundle over an orientable surface. 

(2) A circle bundle with trivial monodromy over a non- orientable surface 
of Euler characteristic less than —1. 

(3) The non-trivial circle bundle with trivial monodromy over the pro- 
jective plane. 

He also asks: 

Question 10.2. Which (closed) 3-manifolds have fundamental groups that 
are residually torsion-free nilpotent? 

The point of this section is to explore this question. In the introduction, 
we claimed that if ip £ Mod(S) and acts unipotently on Fi(£,Z), then 
tti(M^) is residually torsion-free nilpotent. 
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Proof of Theorem, \l-4\ In light of the theory we have developed so far in this 
paper, the claim is almost obvious. Let H denote 7ri(£) and lift ip arbitrarily 
to Aut(-ff). The argument in Lemma [3.51 implies that if) acts unipotently on 
7i (H)/ li+1 (H) far alii. 

Since the action on fli(S) is unipotent, it follows that the semidirect 
product 

1 -> Hx(S) -> Ni -> Z -> 1 

is nilpotent, where the conjugation action of Z is given by ^. The kernel of 
the map ni(M^) — > N± is precisely ji(H). 

By induction, we assume that the semidirect product 

1 -> H/~ji{H) -)■ iV; -> Z ->• 1 

is a nilpotent group, where the conjugation action of Z is again given by 
The action of ^ on ^^(H) /^i + \{H) is unipotent, so that the abelianization 
of the semidirect product 

has rank at least 2. Note also that conjugation within H acts trivially on 
'ji(H) /ji+i(H) . It follows that there is a torsion- free quotient A which fits 
into a central extension of the form 

1 -)■ ^ -> iV/ 4 -> N t -> 1. 

Since the extension is central, it follows that iV/ 4 is nilpotent. Notice that ^ 
again acts unipotently on the kernel of the map 'ji(H) / ^^(H) — > A. Since 
r yi(H)/'ji + i(H) has finite rank, we eventually exhaust all of it, so that iVi + i 
is nilpotent. 

To complete the proof, we need only show that each Ni is torsion free. 
But this is obvious: we write 1 / n £ JVj as t k h, where h € H/ji+i(H). 
We may obviously suppose that k ^ 0. We choose j so that h £ ^j(H) and 
1 7^ h € 7j(iT)/7j4_i(.ff). So, if /i was nontrivial to start out, then we can 
write n as € Nj for some j < i. By the choice of j, t acts trivially on h, 
so that (t k h) m = t km h m . Since ji(H)/ji + i(H) is torsion-free for all i and 
since 

f)li(H) = {l}, 

i 

(cf. [MKS]), we see that tt\{M^) is residually torsion-free nilpotent. □ 

Corollary 10.3. There exist finite volume hyperbolic 3-manifolds with resid- 
ually torsion-free nilpotent fundamental groups. 

By [Wij , the fundamental group of any finite volume hyperbolic 3-manifold 
is not a limit group. Since there are finite volume hyperbolic 3-manifolds 
whose fundamental groups are residually p at exactly one prime or even no 
primes, it follows that there are finite volume hyperbolic 3-manifolds whose 
fundamental groups are not residually torsion- free nilpotent. 

It follows easily from the argument in the proof of Theorem 11.41 that 
torus bundles have torsion-free nilpotent fundamental groups. That the 
fundamental group of such a torus bundle is torsion-free also follows from 
Theorem 11.21 which shows that any such torus bundle is residually p for 
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every prime. A nilpotent group can be residually p if and only if its torsion 
subgroup is a p- group. 

Proposition 10.4. A hyperbolic torus bundle over the circle is not residu- 
ally torsion-free nilpotent. 

Proof. We have argued through Theorem 1 1 . 2 1 that hyperbolic torus bundles 
are never residually p for all primes. Alternatively, let G be the fundamental 
group of a hyperbolic torus bundle. Then G ab has rank one. Furthermore, 
the monodromy acts irreducibly on H^S 1 x 5 X ,Q), and it is easy to check 
that [G,tti(S 1 x S 1 )] has finite index in 7Ti(S' 1 x S 1 ). In particular, there 
can be no further torsion-free nilpotent quotient of G. □ 

Suppose that is a fibered 3-manifold with fundamental group G and 
let N be a torsion-free nilpotent quotient of G. Let <p '■ G — > N be the 
quotient map. If G' < G is a finite index subgroup, we may restrict <p 
to G' to obtain a finite index subgroup N' < N which is again nilpotent 
and torsion-free. It follows that being residually torsion-free nilpotent is 
invariant under taking finite index subgroups. We have given examples of 
mapping classes in the Torelli group (pure braids, the Torelli group of a 
multiply punctured disk) which lift to a finite cover of the base surface and 
act non-unipotently (cf . examples in [K] ) . The suspensions of such mapping 
classes have residually torsion-free nilpotent fundamental groups, so that 
there is no naive converse to Theorem 11.41 Another complicating factor is 
that when ij) is a Torelli mapping class, then b\{M^) = &i(S) + 1, so that Mf 
will admit infinitely many inequivalent fibrations (see [T3| ) . Furthermore, 
if such a fibration has fiber £' with bi(S') > &i(E), then the monodromy of 
that fibration cannot be in the Torelli group, and it seems unlikely that one 
would have so much control as to have all the fibrations to have unipotent 
homological monodromy. 

To further illustrate the lack of a naive converse to Theorem 11.41 we 
give an alternative proof which uses Theorem 11.21 Recall that if tp acts 
unipotently on i?i(S, Z), then m(M^) is residually torsion-free nilpotent. If 
tp acts unipotently on iJi(£,Z/pZ) for infinitely many primes, then tti(M^) 
is again residually torsion- free nilpotent. One would like some sort of a 
converse to this fact. To formulate a converse, suppose that a group G is 
residually p at an infinite set of primes V and let g G G. We say G has 
property U (V) if for each g € G there is a universal m = m{G, V) such 
that g survives in a p-group quotient of G which has nilpotence class no 
larger than m, universally over V (recall that the nilpotence class of a group 
G is the smallest m such that j m (G) is trivial). 

Proposition 10.5. Let G be a finitely generated group. The following are 
equivalent: 

(1) G is residually torsion-free nilpotent. 

(2) G is residually p at every prime and has property U for the set of 
all primes. 

(3) G is residually p at an infinite set of primes V and has property 
U(V). 

Proof. The first forward implication follows from the general theory of finitely 
generated torsion-free nilpotent groups which is due to Mal'cev (see [R] for 
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a nice exposition). A torsion- free finitely generated nilpotent group sits as 
the group of integral points of a finite-dimensional real nilpotent Lie group. 
The integer lattice can be reduced modulo any prime. It is obvious that if 
g survives in G/~f m {G) and this group is torsion- free, then g survives in a p- 
group of nilpotence class no larger than m. The second forward implication 
is trivial. 

Let V be the infinite set of primes for which G is residually p. Since 
V ^ 0, G is residually nilpotent, or equivalently 

f>(G) = {l}. 

Notice that G ab ® Q is nontrivial. Indeed, otherwise G ab would have to be 
finite of order n. Let p G V be relatively prime to n. Since G is residually 
p, G admits a quotient isomorphic to Z/pZ, and the quotient map factors 
through G ab , which is a contradiction. Notice that the property of being 
residually p is invariant under passing to a subgroup. In particular, merely 
the assumption that V is infinite guarantees that G has many torsion-free 
quotients. 

Furthermore, it is obvious that G has no torsion. For every p £ V, there 
is a p-group quotient of G where g is nontrivial, and we may suppose that 
there is a universal m = m{G) such that the smallest (in terms of nilpotence 
class) p-group quotient in which g survives has nilpotence class m. Thus we 
may find such a p- group quotient Q P:9 in which g survives. We consider the 
product map 

G^P=H Q p ,g. 

p&V 

We have that P is nilpotent since each Q Pt9 has nilpotence class bounded 
by m. It follows that in G/ , ~f m (G), the image of g will not be in the torsion 
subgroup T(G/~f m (G)) (cf. [Rj), so that g survives in a torsion-free nilpotent 
quotient of G. □ 

It seems unlikely that the condition U on G can be removed (cf. examples 
in Section [TT]) . Notice that if ip is a mapping class which acts unipotently on 
#i(£,Z), then it is easy to show that m(M^) has property U with respect 
to the set of all primes. As a corollary, we obtain another proof of Theorem 
PI 

Wilton's result shows that orientable geometric 3-manifolds whose funda- 
mental groups are nontrivial limit groups must admit geometric structures 
modeled on S 2 x R, M 3 or tfxK. As for nontrivial residually torsion- free 
nilpotent 3-manifold groups, we have additionally exhibited examples with 
nil and H 3 geometry. S 3 geometry is ruled out by nontriviality, and we have 

ruled out sol geometry. We finally consider PSL2(R) geometry: 

Theorem 10.6. Let S 1 — > M — > £ be a circle bundle over a closed ori- 
entable surface £ with trivial monodromy and nontrivial Euler class e € 
# 2 (£,Z). Then G = tt\(M) is residually torsion-free nilpotent. 

Proof. We have that G fits into a non-split central extension 

1 Z -> G ->■ 7n(£) 1. 



RESIDUAL PROPERTIES OF 3-MANIFOLD GROUPS 



21 



Killing the central copy of Z, we see that for each g £ G which projects 
nontrivially to 7Ti(E), we have 1 7^ g € N for some N = 7ri(E)/7j(7ri(E)). 
These are all torsion-free, as is well-known from the work of Magnus. 

Let N be a torsion- free nilpotent quotient of 7Ti(E). There is a natural 
map H 2 (N,Z) — > H 2 (E,Z) given by pullback. If e is in the image of the 
pullback, then there is a quotient Q of G which fits into a central extension 

l->-Z-»Q->-iV->-l. 

Let g be the genus of E, and fix a complex structure on E together with 
a basepoint. There is a canonical isomorphism iJi(E,Z) = H\(Z 29 ,Z) given 
by the period map. By duality we obtain an isomorphism H 1 ^ 29 ,Z) — >• 

There is an induced map H 2 (Z 29 ,Z) -)■ # 2 (E, Z). We have that H 2 (Z 29 , Z) 
is naturally identified with A 2 f/i(E,Z) (cf. [GH], for instance). The map 
i? 2 (Z 2 »,Z) -> # 2 (E,Z) is given by taking a,f3 E Hi(E,Z), taking their 
Poincare duals a* and /?*, taking a A /3 E H2(Z 2g ,Z) and sending it to 
a* U /?*, which gives a linear function H2CZ 29 , Z) — >■ Z (hence a second coho- 
mology class) and produces an element of i? 2 (E,Z). In particular, the map 
H 2 (Z 2 3,Z) -> ^ 2 (E,Z) is surjective. 

It follows that if z is a nontrivial element of the central copy of Z then z is 
nontrivial in a torsion-free nilpotent quotient Q of G which can be described 
via 

1 -> Z -> Q ->■ Z 29 1. 

In particular, each element of G survives in a torsion-free nilpotent quotient 
of G. □ 

Corollary 10.7. If G is as in Theorem \10.6\ and p is a prime, then G is 
residually p. 

Though the proof of Theorem 111). 61 might seem a little ad hoc, there are 
good reasons why the quotient of vri(E) we consider is the abelianization. 
Indeed, let C = [7ri(E), 7Ti(E)] and let N be a torsion- free nilpotent quotient 
of 7Ti(E). Suppose we have a torsion-free nilpotent quotient N' of G < 
PSL2(M.) which fits into a central of the form 

1-*Z-*N'-*N-*1, 

where G is a central extension of 7Ti(E). Since C is a subgroup of 7Ti(E), 
there is also a central extension of the form 

1 -> Z -> G 1 -> C -> 1. 

Since this central extension is classified by a second cohomology class of 
C, the extension splits. Indeed, C is free and hence has cohomological 
dimension zero (alternatively C is a free and hence projective object in the 
category of groups so that any such extension must split). It is therefore 
not surprising that the abelianization map on 7i"i(E) would be sufficient for 
witnessing the residual torsion-free nilpotence of G. 

In Section [11] we will briefly consider incompatibilities between residually 
p, residually torsion- free nilpotent, and RFRS groups. 
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11. Some remarks on odd embeddings of groups 

We have seen above that if we are given a presentation of a fibered 3- 
manifold as a surface together with a mapping class, one might not be able 
to tell easily from the action of the mapping class on the homology of the 
fiber whether or not the fundamental group of the fiber injects into its pro-p 
completion. This is a reflection of the somewhat flexible nature of profinite 
and pro-p completions. 

Proposition 11.1. There exists an exhausting sequence of nested subgroups 
{Ki} < Z°° such that 7j°°/Ki is a cyclic p-group for all i. 

Proof. Notice that Z p , the ring of p-adic integers, satisfies Z p /p fc Z p = Z/p fc Z. 
Furthermore, Z p is torsion-free and uncountable. This means that a generic 
choice of countably many elements of Z p generate a copy of Z°° in Z p , whence 
the claim. □ 

More bizarre phenomena can occur with nonabelian groups. Let F% = 
(x,y,z), and enumerate the elements of [i^i^]. Let Q m ,n be the quotient 
obtained by introducing the relations c n = z, where c n is the n th element of 
[i*3,i<3], and setting all m-fold commutators to be trivial. Let K m ^ n be the 
kernel of the surjection F3 — > Q m ,n- 

Proposition 11.2. With the setup above, 

Pi K m , n = {i}. 

m,n 

Proof. Let 1 7^ w € -F3, and write w as a reduced word in the generators. If 
there is no occurrence of z or z~ l in w, then we can view w as a word in F 2 . 
Setting c n to be the identity and taking m sufficiently large, we find that 
for some m,n, w £ K mjTl . 

Let K be the kernel of the map F3 — >• F2 which kills the letter z. By 
the previous paragraph, we may assume w £ K. A free basis for K is 
given by conjugates of z by words in x and y. Write w with respect to this 
basis. There is an i such that every nonidentity subword of w (in x, y, z) is 
nontrivial and such that they are all distinct in ^3/7^(^3). 

Clearly 71(^3) is free and is equipped with a conjugation action by F3. 
Nontrivial elements of F^/^i(F^) can be used to take a free basis element 
of 71(^3) and to produce other ones. Choose such a basis element C> an d 
consider the quotient of F3 given by imposing z = Q. It follows that if i 
is chosen to be sufficiently large, then the word given by substituting £ for 
z in w will be nontrivial. It follows that w is nontrivial in some nilpotent 
quotient N of F3 which satisfies 1 = z € N ab . □ 

Finally, we consider some of the interplay between residually torsion-free 
nilpotent 3-manifold groups and the RFRS condition. Recall that in [A2], 
Agol develops the RFRS condition. A group is called RFRS or residually 
finite rationally solvable if there exists an exhaustive filtration of normal 
(in G) finite index subgroups of G 

G = G > Gi > G 2 > ■ ■ ■ 

such that G i+1 > ker{Gi -> Gf <g> <Q>}. Agol proves: 
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Theorem 11.3. Let M be a 3-manifold with x(M) = 0, and suppose that 
tt\(M) is RFRS. Let <p € H 1 (M,Z) be a non-fibered cohomology class. Then 
there is a finite cover M' — > M such that the pullback of (p to H l (M' ,"L) 
such that <fi lies in the cone over the boundary of a fibered face of H 1 (M', Z). 

If r is the fundamental group of a nontrivial circle bundle M over a 
surface £, then M should not fiber over the circle. The nontriviality of the 
Euler class of the bundle allows us to verify this fact directly using Agol's 
theorem. Thus we will make precise the statement that residual torsion-free 
nilpotence and RFRS have little to do with each other. 

To warm up, we have: 

Proposition 11.4. The integral Heisenberg group is not RFRS. 

Proof. Let {Gi} be any candidate for an exhausting sequence which wit- 
nesses the RFRS condition. We present the integral Heisenberg group as 

H=(x,y,z\ [x,y] = z, [x,z] = [y,z] = 1). 

We have the abelianization map <f> : H — > Z 2 . Since each Gi < H has finite 
index, we may restrict the map (j) to Gi to obtain a finite index subgroup 
of Z 2 . Note that in general <\> does not restrict to the abelianization map of 
Gi. Let a, b € Z 2 be two elements in the image of Gi in Z 2 which pull back 
to x n z % and y m z^ respectively. It is easy to verify that the commutator of 
these two elements is z ±mn , depending on the order of the commutation. It 
follows that [Gi, Gi] contains a finite index subgroup of the center of H. The 
kernel of the abelianization map of H is precisely the center Z of H. By 
induction, we have that Z < Gi. Since the abelianization map of Gi sends 
2 to a finite order element, Z is in the kernel of the map Gi — > Gf 3 <g> Q, so 
that Z < Crj+i. It follows that {Gi} does not exhaust H. □ 

Though it is not clear from the definition of RFRS, the same argument 
shows that H is not virtually RFRS. It is easy to see from this argument 
that a torsion-free nilpotent group N which is classified by a nontrivial 
e G H 2 (N/Z, Z) will generally not be RFRS. 

Proposition 11.5. Let T = it\(M) where M is an orientable circle bundle 
with trivial monodromy over a closed orientable surface S, and suppose the 
bundle has a nontrivial Euler class e € H 2 (T,,Z). Then T is not RFRS. 

Proof. Let {Gi} be any candidate for an exhausting sequence which wit- 
nesses the RFRS condition on T. We will again show that {Gi} cannot 
exhaust T. We view T as a central extension 

i ^z^r^TTi(s) -> i. 

Consider T ab . Clearly there is a surjection T ab — >■ i?i(£,Z). Suppose that 
the central copy of Z in T maps injectively to T ab . We would then be able 
to describe F ab as a central extension of the form 

1 -> Z -> T ab -> fli(£,Z) -> 1, 

and since F ab is abelian the extension would have to split. In particular, its 
classifying cocycle in H 2 (Z 29 ,Z) would be trivial, where g is the genus of E. 
The pullback cocycle in ff 2 (E,Z) would also be zero, so that the extension 
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describing T itself would have to split. It follows that the central copy of Z 
is in the kernel of the map T — > T ab ® Q. We therefore have Z < G\. 

We inductively suppose that Z < Gj. Since Gj has finite index, the image 
of the restriction of the map T — > i?i(E,Z) to Gj has finite index, and we 
call this subgroup A. Then A gives rise to a central extension of the form 

l->Zi->N->A->l, 

where the central copy of Z = Zj is Z n Gj. The inclusion A < I? 9 gives 
a map i^ 2 (Z 29 ,Z) — > H 2 (A,7a) (the restriction map). Recall that by gen- 
eral cohomology of groups there is a natural corestriction map H 2 (A, Z) — >• 
H 2 (jL 2g , Z), and the composition of the corestriction with the restriction (of- 
ten written Cor o i?es) is multiplication by [Z 2ff : S] (cf. [Br] ) . It follows 
that if e ^ then Cor o Res(e) / so that Res(e) ^ 0. In particular, the 
extension 

l^li^N^A^l 

is non-split. Since A is a torsion- free quotient of G" 6 , we cannot have Zj 
mapping injectively to Gf b , so that Zj is in the kernel of the map Gj — > 
Gf <g> Q. It follows that Zj < G Since we assumed Zj = Z, we have that 
the original central copy of Z was contained in each Gj, which is what we 
set out to prove. □ 

Since Agol's theorem is a criterion which is useful for proving that many 
hyperbolic 3-manifolds are virtually fibered, the previous propositions shows 
that it is unlikely that residual torsion- free nilpotence of hyperbolic 3-manifold 
groups will be helpful in resolving questions about virtual fibering, and 
Proposition I1U.5I shows that being residually p at many primes is also un- 
likely to help. 
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